We investigate the classical and quantum dynamics of atoms moving in a phase-modulated standing light field. In both cases the width of the momentum distribution exhibits characteristic oscillations as a function of the modulation amplitude. We argue that at the maxima of these oscillations the system is chaotic, whereas in the valleys it is almost regular. Quantum localization appears only in the chaotic regime. We connect our analysis with a recent experiment [F. Moore et al., Phys. Rev. Lett. 73, 2974]. PACS numbers: 05.45.+b, 42.50.Lc, 42.50.Vk Most recently the description of cold atoms [1] in the framework of atom optics [2] has opened [3-5] a new avenue in the search for fingerprints of classical chaos in quantum systems: A strongly detuned atom in a standing light field moves like a particle in a spatially periodic potential [6, 7] . An atom in a phase-modulated light field additionally experiences a time dependent force [3] . Classically, the resulting motion can be chaotic [8] . But how does classical chaos manifest itself in the quantum dynamics of the atom and how to reach the quantum domain? The landmark experiment [4, 5] by the Austin group answers these questions: The measured momentum transfer of atoms in a phase-modulated light field shows the characteristic signature of quantum chaos: dynamical localization. Moreover, the appropriate choice of the experimental parameters such as the wave number of the standing light field or the modulation frequency allows one to step from regimes which ask for a classical description to regimes which ask for a quantum description.
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In the present paper we predict a new effect in this playground of atom optics and quantum chaos: The width of the atomic momentum distribution shows characteristic oscillations as a function of the modulation depth l. These oscillations appear in the classical as well as in the quantum description. In the domains of l where maxima appear the classical system is chaotic, whereas in the valleys the motion is almost regular. In the quantum case the peaks are lower, that is the quantum mechanical momentum distribution is narrower than the classical one. Moreover, it is an exponential rather than a Gaussiana signature of quantum localization [9, 10] .
The motion of a strongly detuned atom of mass M, positionx, and momentump along a standing light field of wave number k, is described by the Hamiltoniañ H p 2 ͞2M 2 V 0 cos͑2kx͒, where V 0 is the height of the periodic potential determined by the coupling of the atom to the light field [6] . The motion of the atom in a phase-modulated light field, as created, for example, by an oscillating mirror, is described [3] 
where k 4k 2 V 0 ͞Mv 2 is a dimensionless height of the potential.
We now compare the dynamics of atoms governed by the Hamiltonian (1) 0031-9007͞95͞74(20)͞3959(4)$06.00FIG. 1. Classical and quantum mechanical momentum distribution of atoms moving in a phase-modulated standing light field. We show the classical momentum distribution (top) and the corresponding quantum mechanical one (middle) for the three different values of the modulation depth l 3.0 (a), l 3.8 ( b), and l 4.4 (c) and for the interaction times t 0 (initial distribution) and t 5 3 2 n , with n 1, . . . , 10. Note that k 0.36. The classical distribution describes an ensemble of 10 000 atoms initially distributed uniformly over one wavelength with a Gaussian momentum distribution of width Dp 0 0.368 in agreement with the data given in [4] . The initial phase of the light field was chosen randomly for each atom. Every quantum mechanical distribution shown in the middle of the figure is the average of 128 3 8 final momentum distributions obtained by propagating 128 plane waves according to the Schrödinger equation (8) . Each plane wave starts from the eight phases 2p͞8, 2 3 2p͞8, . . . , 2p of the light field. For the Gaussian weight factors P n of the initial momenta p 2pk 2 n͞L, where k 2 0.16, L 2p, and n 264, . . . , 63, we have taken a width Dp 0 2.3k 2 . Bottom: Comparison between the width Dp of the classical (dashed line) and the quantum mechanical distributions (solid line) for t 320. The quantum mechanical curve follows from the average of 20 momentum distributions each calculated from the propagation of a Gaussian wave packet of width Dx 0 k 2 ͞2Dp 0 centered at x 2p͞20, 2 3 2p͞20, . . . , 2p.
At the top of Fig. 1 we show the time evolution of the momentum distribution P͑ p, t͒ for three characteristic values of the amplitude l of the mirror oscillation. For the initial distribution P 0 we have used a uniform spatial distribution covering one wavelength and a Gaussian momentum distribution. Three characteristic features stand out: (i) as time increases the distribution P͑ p, t͒ broadens, (ii) the rate of the broadening depends critically on the value of l, and (iii) in the long time limit the distribution develops a plateau with well-defined bound-
as a function of l. These oscillations are shown by the dashed curve in the bottom part of Fig. 1 .
In order to understand this oscillatory behavior we expand the time-dependent potential cos͑x 2 l sint͒ in the Hamiltonian (1) 
Here we have cast the Hamiltonian in a form which brings out most clearly the main players in the dynamics of an atom moving in the phase-modulated standing wave.
For a qualitative discussion we use the first approximation,
to the Hamiltonian H. In order to make the connection between the oscillations in the width Dp, shown by the solid line in the upper part of Fig. 2 , we display in the lower part of that figure the absolute values of the Bessel functions J 0 and J 1 as a function of l. We note a very characteristic feature: In the neighborhood of a zero of J 0 ͑l͒ the function J 1 ͑l͒ attains its maximum and vice versa. This property manifests itself in a dramatic change of the dynamics of the atom as we change the amplitude l of the modulation: The system undergoes transitions from an almost regular system to a highly chaotic system. Here we have transformed the Hamiltonian to a new coordinatex x 2 t and momentump p 2 1 to bring out the similarity with the original Hamiltonian H ͑1͒ , Eq. (5). We note that despite the fact that the height of the original static potential in H ͑1͒ vanishes, there appears now a static potential in the variablex of height J 1 ͑l 0 ͒. Moreover, the time-dependent driving term is of the same strength J 1 ͑l 0 ͒. It is well known that for an appropriate range of parameters such a driven pendulum is chaotic [11] . Hence we have found an almost regular behavior at the zeros of J 1 , whereas at the zeros of J 0 the motion is chaotic as demonstrated on the bottom of Fig. 3 by the Poincaré sections. But what happens as we move away from these points, in particular, when the two Bessel functions are almost identical in their strength, for example, around l Х 4.7 or 6.2? The cooperative influence of both terms gives rise to new maxima in the width Dp. In order to support this qualitative analysis and at the same time illustrate the influence of the higher harmonics in the Hamiltonian, Eq. (4), we show in Fig. 2 oscillations, but in order to obtain the correct magnitude we need at least the next two harmonics contained in H ͑3͒ . We now consider the influence of the interaction time t on the oscillations in Dp. For this purpose we depict in the top of Fig. 3 Dp for three characteristic interaction times t 20 (solid line), t 320 (dashed line), and t 5120 (dotted line). We note that the broadening of the momentum distribution is slower for larger values of l. In particular, at the minima of Dp, that is, at the zeros of J 1 , as exemplified by l 7.01, where the motion is almost regular, the spreading is extremely slow. Here the width of the momentum distribution does not change appreciably during the interaction time t , 5120.
We now turn to the dynamics of the corresponding quantum problem. Insight into the similarities and differences between the classical and the quantum case springs from the equation [12] 
of Eq. (6), where c n ͑x, t͒ is the solution of the Schrödinger equation
with c n ͑x, t 0͒ L 21͞2 exp͑i2pnx͞L͒ as the initial condition. Here L is the length of the quantization box and P n defines the distribution of the initial plane waves in momenta. When we substitute c n ͑x, t 0͒ into Eq. (7) the initial Wigner function reads
In order to make a direct comparison with the classical treatment we choose the distribution P n of the initial wave functions such as to approximate the Gaussian distribution of momenta. Moreover, to have enough sampling points within the extension of the initial Gaussian momentum distribution of width Dp 0 , we have to impose the condition 2pk 2 ͞L ø Dp 0 .
In the middle of Fig. 1 we show the time evolution of the quantum mechanical momentum distribution for the same three characteristic values of l as in the classical case. The corresponding quantum mechanical width Dp we show in the lower part by the solid line. Again we observe the characteristic oscillations, however, now the peaks are less pronounced, which reflects the fact that the quantum mechanical momentum distribution is not as broad as the classical one. Moreover, in these domains the momentum distribution is an exponential rather than a Gaussian as shown in Fig. 4 . This exponential distribution is a signature of quantum localization. Note that there is no localization at the valleys where the system is nearly regular: Classical and quantum momentum distributions almost agree.
We conclude by summarizing our main results: The width Dp of the momentum distribution of atoms in a phase-modulated standing wave displays characteristic oscillations as a function of the modulation depth. These oscillations are present in the classical as well as in the quantum mechanical case. The valleys correspond to regions in l in which the motion is almost regular, whereas at the peaks the motion is chaotic. Quantum localization occurs predominantly at the peaks.
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